HSZ Double Field Theory is a higher-derivative theory of gravity with exact and manifest T-duality symmetry. The first order corrections in the massless sector were shown to be governed solely by Chern-Simons deformations of the three-form field strength. We compute the full action with up to six derivatives O(α ′2 ) for the universal sector containing the metric, two-form and dilaton fields. The Green-Schwarz transformation of the two-form field remains uncorrected to second order.
Introduction
In recent years there has been renewed interest in understanding how dualities constrain higher-derivative interactions in string effective actions. The most convenient frameworks to address this challenge are those in which dualities appear as manifest symmetries. Double Field Theory (DFT) [1] - [2] formulates the twoderivative universal massless sector of string theory in a way that T-duality symmetry can be anticipated before dimensional reduction (for reviews see [3] ). In this context, the question of how T-duality constrains higher-derivative terms simply translates into the question of what the most general consistent higher-derivative deformations of DFT are. Recent works discussing the duality structure of the first order corrections to the heterotic string are [4] . In [5] , a two parameter family of first order consistent deformations of DFT was introduced, containing in a unified framework the corrections to bosonic [6] and heterotic strings [6, 7] .
Higher-derivative theories of gravity are always defined up to field redefinitions. There are two different set of fields that are important when dealing with duality invariant theories. On the one hand, there are gauge and diffeomorphism covariant fields, whose duality transformations receive higher-derivative corrections. On the other hand, there are duality covariant fields, whose T-duality transformations are exactly those given by the Buscher rules or more generally the action of O(D, D, R), without higher-derivative corrections. The latter are non-covariant with respect to gauge and diffeomorphism transformations: to lowest order in a derivative expansion they transform tensorially, but the gauge transformations are deformed by higher-derivative corrections. Both set of fields turn out to be connected through higher-derivative field redefinitions that are neither gauge nor duality covariant.
The standard way of writing a higher-derivative theory of gravity is in terms of gauge covariant fields, such that gauge and diffeomorphism invariance is manifest. If the action turns out to be duality invariant, then the duality symmetries are hidden in this formulation. On the contrary, the fields that are preferred by duality invariant frameworks like DFT are the duality covariant fields, so the actions obtained from these constructions are manifestly duality invariant but the gauge symmetries are hidden. When the action is written in terms of gauge covariant fields, duality transformations mix terms with different orders in derivatives. Instead, when the action is written in terms of duality covariant fields, duality invariance holds order by order, but the different orders are mixed by gauge transformations. Presumably, a duality and gauge invariant higherderivative theory of gravity will require an infinite number of interactions with increasing number of derivatives.
If such an expansion were truncated to a given order in derivatives, the action would fail to be either gauge or duality invariant, depending on which set of fields is chosen to express it.
When dealing with duality invariant frameworks such as DFT, the preferred set of fields are the duality covariant ones. If the theory were truncated to a given order in derivatives, the resulting action would be exactly duality invariant, but the gauge transformations would only be approximate symmetries to that order. If instead one first rewrites the action in terms of the gauge covariant fields, and then truncates to a given order in derivatives, the truncated action would be exactly gauge invariant, but the duality transformations would only be an approximate symmetry to that order. Some years ago, O. Hohm, W. Siegel and B. Zwiebach introduced a gauge invariant higher-derivative theory of gravity that is both exactly and manifestly T-duality invariant [8] , henceforth called HSZ theory. It was built from a duality symmetric chiral CFT, and does not correspond to a standard string theory. The massless spectrum includes a metric, an antisymmetric tensor and a dilaton, and the full theory contains in addition two massive spin-two ghosts and massive scalars [9] . The spectrum is reminiscent but qualitatively different to that in the chiral string theory investigated in [10] . The truncated two-derivative theory exactly matches standard DFT [8] , so the theory corresponds to a higher derivative deformation of DFT. The deformations occur at different levels. While DFT depends on a generalized metric H M N constrained to be an element of the duality group, the fundamental field in HSZ theory is an unconstrained double metric M M N . To lowest order both metrics coincide, but the double metric contains extra degrees of freedom associated to massive excitations [9] .
The relation between the two metrics was discussed in [11] . To lowest order the gauge transformations are given by the standard DFT generalized Lie derivative, but in HSZ theory they receive higher-derivative deformations that in turn induce higher-derivative terms in the action. Remarkably, the latter happens to be cubic in the double metric, and due to the strong constraint (to be defined latter) it contains at most six derivatives.
The massive modes in the full theory can be integrated out, ending with a low-energy effective theory for the generalized metric H M N and generalized dilaton d that contains an infinite series of higher-derivative terms [9] - [11] . It is then of interest to elucidate what these corrections look like in terms of the standard gauge covariant massless fields, namely the metric g µν , two-form B µν and dilaton φ, in a manifestly diffeomorphism and gauge invariant form expanded in powers of α ′ 1 . To first order in α ′ , the deformed gauge transformations were shown to reproduce the Green-Schwarz [12] transformation of the two-form
so the first order corrections to the action are governed by Chern-Simons terms Ω µνρ that correct the three-form field strength of the Kalb-Ramond field [13] H µνρ = 3 ∂ [µ B νρ] + 3Ω µνρ ,
On shell three-point functions with vanishing dilaton were computed to all orders in α ′ in [14] , leading to the conclusion that to second order the theory contains a Riemann-cubed interaction. The state of the art is that to second order, the gauge invariant action that reproduces the on-shell cubic amplitudes of HSZ theory is the following
3)
The coefficient of the Riemann-cubed term is minus the coefficient of the same term in the bosonic string effective action. There could be extra second order terms in this action that do not contribute to the threepoint functions, such as a cubic Gauss-Bonnet term that is also present in the bosonic string [15] .
In this work we compute the full second order action in terms of the standard gauge covariant fields in a form that is manifestly invariant under diffeomorphisms and the gauge transformations of the antisymmetric tensor.
The procedure is to first find the functional dependence of the double metric in terms of the generalized metric to second order. Then, to find the dependence of the components of the generalized metric on (derivatives of) the standard fields. This is, to find the field redefinitions that relate the duality covariant with the gauge covariant fields. Finally, one plugs this information in the HSZ action and rewrites the result in a form that is manifestly covariant under gauge symmetries. This is our main result, and we display the final form of the full second order action in Subsection 3.2. Let us summarize some of our main findings:
• The Green-Schwarz transformation of the two-form (1.1) remains uncorrected to second order in α ′ .
• The first order corrections to the action are exactly those present in (1.3). These were anticipated in [13] and we find that there are no extra terms such as total derivatives nor interactions that could have been allowed by gauge symmetries and required by duality. This is also consistent with the results in [5] .
• Up to covariant field redefinitions and boundary terms, O(α ′i ) corrections with i even/odd contain even/odd powers of the two-form field. This was known to be true to first order, and explains why Riemann-squared interactions are forbidden. It also implies that the second order corrections can only contain even powers of the two-form.
• The terms in the full second order action that contribute to on shell three-point functions with vanishing dilaton are in precise agreement with the findings in [14] , and exactly coincide with (1.3).
• When the dilaton and three-form field strength are taken to vanish, the second order Lagrangian (up to field redefinitions and boundary terms) is given by 4) where Ω µνρ is the Chern-Simons three-form defined in (1.2), and G 3 is the cubic Gauss-Bonnet interaction
Remarkably, as with the Riemann-cubed term, the coefficient of this term is also minus the coefficient of the same term in the bosonic string.
• The more general case with vanishing dilaton φ = 0 but non-vanishing metric and two-form is (again, up to field redefinition and integration by parts) given by where we have defined H 2 µν = H µρσ H ν ρσ . Although further field redefinitions can be used to eliminate H 2 µν from the action, the dependence on H µνρ can not be totaly removed. This implies that the full action must at least contain up to O(α ′4 ) terms, confirming the expectation that the second order action cannot by itself be exactly duality invariant.
The paper is organized as follows. We begin with a review of HSZ theory in Section 2. In Subsection 2.1 we introduce the gauge transformations and action for the double metric. In Subsection 2.2 we review how to relate the double metric with the generalized metric. In Subsection 2.3 we show the general procedure that has to be followed in order to relate the duality covariant components of the generalized metric with the gauge covariant fields of supergravity. Subsection 2.4 contains a discussion on the Z 2 -parity (B µν → −B µν ) behavior of the different orders. Subsections 2.5 and 2.6 are dedicated to discuss the state of the art regarding the first and second order corrections in the massless sector of HSZ theory. In Section 3 we present the main result of this paper, namely the full action to second order for the massless fields, and discuss some relevant interactions. We conclude in Section 4 and include a number of Appendices to present some intermediate relevant results.
Review of HSZ Double Field Theory
In this section we introduce HSZ theory [8] , its field content, gauge transformations and action. We then show how to make contact with the generalized metric and how to relate its components with the standard fields in supergravity. We briefly review the state of the art on what is known about the first orders in the derivative expansion of the massless sector.
Double metric, symmetries and action
HSZ theory is defined on a double space of dimension 2D, equipped with an O(D, D, R) constant and symmetric invariant metric η M N , which raises and lowers the duality indices M, N, = 1, . . . , 2D. The derivatives are denoted ∂ M , and all fields and gauge parameters are restricted by the strong constraint
The fundamental fields in HSZ theory are the double metric M M N and the generalized dilaton d. The double metric is symmetric, but otherwise unconstrained. Under infinitesimal generalized diffeomorphisms parameterized by a generalized vector ξ M , the generalized dilaton transforms as usual
but the double metric receives higher-derivative corrections
Here, the first term is the standard generalized Lie derivative
where
and the other terms J (i) constitute corrections with 2i + 1 derivatives 2
Due to the strong constraint, the composition of gauge transformations closes
with respect to a deformed C'-bracket 8) with the standard C-bracket defined as
The deformed gauge transformations (2.3) fail to satisfy the Leibnitz rule with respect to the standard product.
Instead, one defines a star-product ⋆ 3
The star product now does satisfy the Leibnitz rule with respect to deformed generalized diffeomorphisms 13) where (T 1 ⋆ T 2 ) M N , T 1M N and T 2M N transform in the same way as the double metric in (2.3). 2 We use the following convention for derivatives
Or for different rank-two tensors
The standard inner product that follows from contractions with the duality invariant metric also turns out not to be covariant under the deformed gauge transformations. However, the following quantity
transforms as a scalar under the deformed gauge transformations due to the strong constraint
The action of HSZ theory is given by
It is gauge invariant by construction, and was fixed to match the equations of motion that follow from the chiral CFT introduced in [8] (
Since both the star and inner products are linear in each argument, the action turns out to be at most cubic in powers of the double metric. As a result, the strong constraint restricts the Lagrangian to contain no more than six derivatives. The full explicit form of the action is given in Appendix D.
Generalized metric and massive fields
Consider the following decomposition of the double metric [11] 18) where H M N is the generalized metric of double field theory, and F M N is a higher order contribution. The latter corresponds to massive fields [9, 11] , which can however be integrated out by replacing them with their equations of motion. We will be interested only in the massless spectrum of the theory, so we will assume that the integration has already been done, and consider the F M N as depending on the generalized metric and
It is sometimes convenient to use matrix notation, identifying the position of indices as follows
The generalized metric is symmetric and restricted by the constraint
As a consequence of this constraint, it is possible to define projectors
which satisfy
One can then define the following projections on a generic tensor 23) such that
It is easy to check that the generalized metric and its variations satisfy
On the other hand, it was shown in [11] that the decomposition (2.18) is the most general ansatz for the double metric, provided the fields F are constrained as
We can now consider an expansion of the field F = F 1 +F 2 +. . . , where the subindex labels the order of the field.
This means that when thought of as depending on the generalized metric and dilaton, F i carries 2i derivatives explicitly. Plugging the expansion in the gauge transformation (2.3) one obtains on the one hand
and so on, and on the other hand
Equating order by order in this expansion one finds
where we have defined the operator ∆ (0) = δ (0) − L ξ that measures the failure of a tensor to transform covariantly to lowest order. Notice that since
so it turns out that δ (n) H only depends on F i with i < n. Also, notice that since ∆ (0) P = ∆ (0) P = 0, one has
Parameterizations and field redefinitions
Being symmetric and O(D, D, R)-valued, the generalized metric can always be parameterized in terms of a D-dimensional symmetric and invertible matrix g µν and an antisymmetric matrix B µν
This is consistent with the choice
The generalized dilaton is parameterized in terms of a dilaton φ and the determinant of g
and the generalized parameters decompose as
where ξ µ are the one-form parameters that generate the gauge transformations of the two-form, and ξ µ are the vector parameters that generate infinitesimal diffeomorphisms.
To lowest order, the generalized metric transforms as usual with respect to the generalized Lie derivative.
However, we have seen that in HSZ theory its gauge transformation receives in addition an infinite number of higher derivative corrections (2.32-2.34)
These in turn induce an infinite number of corrections to the gauge transformations of the components
This signals an obstruction to identify the hatted fields g µν , B µν and φ with the conventional metric g µν , Kalb-Ramond B µν and dilaton field φ in the universal sector of supergravity, which transform as follows
Here δB µν gives us some freedom to consider higher order contributions, presumably of the Green-Schwarz type, which are present in some string theories (such as the heterotic string).
The link between both sets of fields -hatted and unhatted-must be given through an invertible field redefinition of the form
where ∆ i g µν , ∆ i B µν and ∆ i g µν are allowed to depend on g µν , B µν and φ, and contain 2i derivatives. Each of these terms must be non-covariant under the standard gauge transformations, and are of course defined only up to covariant contributions.
Note that since the transformation of d is not deformed, it is possible to parameterize it in terms of the gauge covariant fields
in such a way that the redefinitions ∆ i φ are fixed by ∆ i g.
We have then identified two sets of fields:
• Duality covariant fields ( g µν , B µν , φ). They correspond to the components of the generalized metric and dilaton, and as such transform as usual under Buscher rules [16] and more generally under the full O(D, D, R). Instead, they transform non-covariantly under diffeomorphisms and gauge transformations.
• Gauge and diffeomorphism covariant fields (g µν , B µν , φ). On the contrary, they transform as usual -covariantly-under diffeomorphisms and gauge transformations (possibly with a Green-Schwarz deformation), but the duality transformations of these fields receive higher derivative corrections.
The two sets of fields are related by field redefinitions that are neither covariant under diffeomorphisms and gauge transformations nor duality covariant. In order to find the final form of the action in terms of the standard supergravity fields, in a way that is manifestly gauge invariant (and where of course the duality symmetries are hidden) one has to perform the following chain of substitutions
The two-derivative DFT features a discrete symmetry [2] , consisting in invariance under a Z 2 -parity transformation generated by
It transforms the generalized metric as
while leaving the generalized dilaton invariant. Adopting vectorial notation for derivatives ∂ = ∂ • and gauge parameters ξ = ξ • , the parity transformation takes the form
At the level of components, these transformations imply
In particular, it exchanges the sign of the two-form while leaving the metric and dilaton invariant.
Note that the duality invariant metric (2.38) changes sign when acted on by the parity matrices
The two-derivative DFT is Z 2 -invariant because when the indices of the generalized metric and the derivatives are placed in canonical positions, namely H •• and ∂ • , the action contains an even number of η −1 . Since the effect of Z 2 -parity is to change the sign of the duality invariant metric, the fact that it enters each term an even number of times renders the action invariant. This implies that the component action written in terms of standard fields must contain even powers of the two-form, as is.
Here, based on the Z 2 -parity analysis of the HSZ action and gauge transformations, we wish to anticipate the powers with which the two-form enters the action order by order. Let us point out that (the following statements hold when the indices of the generalized fields and derivatives are placed downstairs
and all contractions are made with η •• ):
• In the action written in terms of the double metric (see Appendix D), terms with 2i derivatives depend explicitly on even/odd powers of η −1 when i is odd/even.
• The fields F i contain (by definition) 2i derivatives of the generalized metric and dilaton, and it can be inferred from their transformation behavior (2.35-2.36) that when expressed in terms of the generalized metric and dilaton they contain an even/odd number of η −1 when i is even/odd.
• As a consequence of the previous items, when the HSZ action is written purely in terms of the generalized metric and dilaton, terms containing explicitly 2i derivatives will involve an even/odd number of η −1 when i is odd/even. Then, terms with 2 (mod 4) derivatives will contain even powers of B µν and terms with 4 (mod 4) derivatives will contain odd powers of B µν .
• A close look into (2.32-2.34) shows that δ (i) g µν and δ (i) φ are even/odd under Z 2 -parity when i is even/odd, and δ (i) B µν is even/odd under Z 2 -parity when i is odd/even. As a result, ∆ i g µν and ∆ i φ must contain even/odd powers of B µν when i is even/odd, and instead ∆ i B µν contains even/odd powers of B µν when i is odd/even.
Combining this information leads to the conclusion that when the final HSZ action is written in terms of the standard fields g µν , B µν and φ, terms with 2i derivatives contain even/odd powers of B µν when i is odd/even.
To be more precise, this statement is true only up to covariant field redefinitions that violate the parity behavior.
Note that the parity of δ (i) g µν , δ (i) B µν , δ (i) φ only fixes the parity of the non-covariant part of ∆ i g µν , ∆ i B µν and ∆ i φ, but leaves the covariant part unrestricted. One could, for example, induce through covariant field redefinitions Ricci-squared terms in the action that seem to violate the claim that first order contributions are odd under Z 2 -parity. But then of course by construction these terms are removable through covariant field redefinitions.
First order corrections and the Green-Schwarz mechanism
Following a preliminary discussion in [8] , the first order corrections to HSZ theory were worked out in detail in a series of papers [11, 13] by O. Hohm and B. Zwiebach. Here we briefly review the results that are relevant for our purpose of finding the second order corrections.
In [9, 11] , the fields F M N in (2.18) were shown to correspond to dynamical massive excitations. Once the action is expressed in terms of these fields and of the the generalized metric and dilaton, one can integrate them out ending with an effective action for the massless fields. The result of such a procedure is a functional dependence of the fields F i in terms of the generalized metric and dilaton. For the first order, the solution was found to be
Since F 1 is already first order as it carries two derivatives, to first order the components of H M N and d can be taken to be the familiar unhatted gauge covariant g µν , B µν and φ.
In addition, the double metric (2.18) also receives a contribution to first order from the generalized metric.
Indeed, the first order deformation of the gauge transformation of the generalized metric (2.33) is given by
This, as explained above, induces a first order transformation of its components
One can then try to perform a first order non-covariant field redefinition to make contact with the gauge covariant fields (2.46-2.48). These redefinitions were worked out in full detail in [11] , and up to covariant terms are given by
It turns out to be impossible to trivialize the transformation of the Kalb-Ramond field to first order [13] , and one is forced to end with a two-form that transforms to first order under a Green-Schwarz-like transformation
where δB µν was defined in (2.47). Due to this transformation, the standard supergravity action fails to be diffeomorphism invariant to first order, so the three-form field strength must be corrected with a ChernSimons term. This is reminiscent to what happens in the heterotic string, where anomaly cancellation requires a deformation of the three-form field strength with a Lorentz Chern-Simons term constructed from a spin connection with torsion. In HSZ theory the connection in the Chern-Simons term is the Levi-Civita (or Christoffel) connection. The minimal action consistent with the deformed gauge transformations and the standard zeroth order action is given by
All these quantities were defined in Appendix A. The first order contribution to the Lagrangian is given by − 1 2 H µνρ Ω µνρ , and consistently satisfies the expectation that first order corrections involve odd powers of the two-form field. The bosonic and heterotic strings contain a Riemann-squared term to first order, but in HSZ theory such a term is forbidden by Z 2 -parity.
Second order corrections and the Riemann-cubed terms
Already from the results of the previous subsection one can anticipate a second order contribution to HSZ theory given by the Chern-Simons squared term in (2.66-2.67), namely − [18] (see also [19] ), they refined a procedure to test the T-duality invariance of a generic gauge invariant action, offering necessary conditions. By applying the method to the action (2.66), they found that the theory is consistent with T-duality to first order, but fails to be duality invariant to second order. As a result, the action (2.66) faithfully reproduces the interactions in HSZ theory to first order, but is expected to contain additional second order interactions beyond the Chern-Simons squared terms.
Analyzing on-shell three point functions to all orders in the derivative expansion, U. Naseer and B. Zwiebach concluded in [14] that HSZ theory must contain, in addition to the quadratic Chern-Simons terms, a Riemanncubed interaction to second order. Their work shows that to second order, the following is the gauge invariant action that reproduces the on-shell cubic amplitudes of HSZ theory
The coefficient of the Riemann-cubed term is minus the coefficient of the same term in bosonic string theory. No such term appears in the heterotic string. It was shown in [20] that interactions that contribute to three-point amplitudes with three external gravitons lead to causality violations that require the existence of an infinite tower of new particles with spin higher than two. Such violations are avoided when the full structure of string theory is taken into account [21] .
In bosonic string theory there is also a non-zero Gauss-Bonnet Riemann-cubed term G 3
but its presence can only be seen from four point amplitudes [15] . Note again that these corrections satisfy the expectation that the second order corrections must involve even powers of the two-form. [24] , some of the computations would have been for all practical purposes impossible to carry on.
The main result is the computation of the full massless second order action of HSZ theory. We begin explaining the procedure, then display the result and conclude by analyzing some relevant interactions.
Second order gauge transformations and field redefinitions
Let us schematically illustrate the procedure and some intermediate relevant results:
• First. We compute explicitly how the generalized metric transforms to second order. The formal expression is given in (2.34)
and we already have all the ingredients to perform the computation, namely F 1 [H] in (2.60). Note that δ (2) H is independent of the generalized dilaton, because so is F 1 .
• Second. We compute the second order transformation induced on the set of fields that parameterize the generalized metric. The results can be found in Appendix E
• Third. We find the field redefinitions that connect the duality covariant fields ( g µν , B µν ) to the gauge covariant fields (g µν , B µν ) by demanding that the gauge transformations trivialize to (2.46-2.47). The results for the metric (2.49) and two-form (2.50) are given in Appendix E
Interestingly, under these redefinitions, δB µν in (2.47) does not receive a second order deformation, and remains the first order Green-Schwarz transformation (2.65).
• Fourth. The last piece of information we need is the functional dependence of
With this, and the information obtained above on how the generalized metric and dilaton are parameterized in terms of the gauge covariant fields, we are ready to compute the action in terms of the standard supergravity fields. We then seek the most general F 2 that satisfies equation (2.36 ). This of course determines F 2 up to terms that are covariant with respect to the lowest order transformations. One expects a splitting of the form
is unique. We show in Appendix C that the covariant piece can be simply ignored to second order, because it leads to covariant boundary terms in the action. Since the right hand side in (2.36) does not depend on the generalized dilaton (because F 1 in (2.60) is independent) it follows that
is independent as well. Again, the result is shown in Appendix E
Full second order action in covariant form
We now have all the necessary ingredients to compute the full second order correction to the HSZ action. The procedure has been outlined before, but let us sketch it once again. The starting point is the action in terms of the double metric and generalized dilaton (2.16) (see also Appendix D). Since we are interested in the second order terms, we need to consider the full action with all up to six derivatives. Then, one needs to find the parameterization of the double metric M and dilaton d in terms of the gauge covariant fields g µν , B µν and φ.
This is accomplished through the substitution chain
truncated to second order in the action. After this sequence is implemented, the output is a huge expression in terms of fields and their derivatives, which is covariant under diffeomorphisms and gauge transformations by construction, but the symmetries are far from being manifest. One then has to re-write the final output in terms of contractions of covariant quantities, such as the Riemann tensor, three-form field strength, dilaton and covariant derivatives acting on them.
The result is the following action
.
Here, L (0) is of course the usual two-derivative action
The first order contribution is exactly the expression anticipated in [13] 11) and contains neither extra boundary terms, nor other extra covariant terms that could have been required by duality. This is consistent with the findings in [5] . The second order contribution is rather lengthy, and it helps to separate it in powers of the two-form and dilaton as follows
The notation L [n B ,n φ ] indicates that such terms contain n B two-forms and n φ dilatons.
Concretely, each contribution is
This action can of course be simplified combining Bianchi identities, integration by parts and field redefinitions.
Finding the minimal form of the full action is an ambitious program that we will not pursue here. In the case of the four-derivative theory, it was shown in [6] that any gauge invariant action can be reduced to contain only eight terms. Some of these terms were dubbed unambiguous because their coefficients can not be modified through field redefinitions nor integrations by parts. An example of an unambiguous term is the Riemannsquared contained in the bosonic string. The six-derivative case is far more complicated, and was discussed in [22] for the case of vanishing dilaton. There, it was shown that the most general theory can be reduced to only twenty-one terms, ten of which are unambiguous. In the next section we will briefly discuss some limit cases that will help in identifying some relevant six-derivative interactions in the theory. In particular, we will provide the minimal form this action when φ = 0.
Let us finally note here that gauge invariance (more precisely, the Green-Schwarz transformation of the twoform (2.65)) requires putting a hat over all the three-form field strengths H µνρ → H µνρ , in order to restore the Chern-Simons terms (2.67). This replacement leaves the second order terms untouched, but would be required by gauge invariance when analyzing the next orders in α ′ .
Riemann-cubed, Gauss-Bonnet and more
Here we wish to study the action in some limit cases, in order to understand what the most relevant terms are.
As a first check, we have verified explicitly full consistency with the results in [14] . Setting the dilaton to zero φ = 0, after repeated use of integrations by part and the lowest order equations of motion (which as we show in Appendix B corresponds to performing second order field redefinitions), we expanded the metric around a flat background g µν = η µν + h µν keeping terms up to cubic order in fluctuations 4 . We then imposed on-shell and polarization conditions, namely η µν ∂ µ . . . ∂ ν · · · = 0 and ∂ µ h µν = ∂ µ B µν = 0, and verified that the only contribution to the cubic action is given by 13) in agreement with [14] .
Let us now take both the dilaton and two-form to zero B µν = φ = 0, and keep the full (unexpanded) metric field. In this case, the only terms that survive are those in L [0,0] , and moreover integrating by parts, using
Bianchi identities (A.5-A.7) and taking R µν = 0 and R = 0 (which corresponds to performing field redefinitions)
one is left with 14) where G 3 is the cubic Gauss-Bonnet interaction term
This term vanishes on-shell to cubic order and is then transparent to three-point amplitudes.
Let us finally discuss another limit case with vanishing dilaton φ = 0, but non-vanishing metric and two-form.
After some redefinitions and integrations by parts the Lagrangian can be drastically simplified to
where we have defined H 2 µν = H µρσ H ν ρσ . Written in this way, except for the Chern-Simons-squared term, it fits into the minimal form of the action introduced in [22] , implying that the number of terms can not be reduced further 5 . One can however ask if the dependence on H µνρ can be eliminated by field redefinitions. Using the 4 For a discussion on the cubic-order duality covariant expansion of DFT see [23] . 5 Comparing with the minimal action (5.1) in [22] we see that the only non-vanishing coefficients are B1 = − 1 16 , B2 = . equation of motion with vanishing dilaton H 2 µν = 4R µν , the Lagrangian can be rewritten as
We conclude that H µνρ can not be totally eliminated from the action, and taking into account that it hides a first order correction, the fact that it appears quadratically announces that the full action must at least go up to O(α ′4 ). This confirms the expectation that the second order action is not exactly duality invariant, and that duality invariance will require an infinite expansion in powers of α ′ .
Let us finally note that the lowest order equations of motion combined with integration by parts always allow to eliminate from the Lagrangian all terms with covariant derivatives of the dilaton, even without assuming that some particular field vanishes. In fact, whenever the dilaton appears covariantly derived once, it can be eliminated through an integration by parts
If instead it appears derived more that once, the equations of motion can be used to eliminate the dependence on it
Outlook and concluding remarks
We have computed the full second order action for the massless sector of HSZ Double Field Theory [8] . The theory features an exact duality invariant extension of the Green-Schwarz mechanism [13] . The first order α ′ -corrections are given by Chern-Simons deformations of the three-form field strength. To second order in α ′ the theory was known to contain a Riemann-cubed interaction, with minus the coefficient of the same term in the bosonic string [14] . Here we provide the full second order action in a manifestly covariant form (the result can be found in Subsection 3.2). The gravitational sector includes a cubic Gauss-Bonnet interaction, also with opposite coefficient to that in the bosonic string. The second order contributions contain even powers of the three-form field strength, and the fact its dependence can not be eliminated from the action anticipates that exact duality invariance requires further higher-derivative terms.
It would be desirable to take the full second order action to a minimal form, combining field redefinitions, Bianchi identities and integrations by part. We have done this in the particular case of vanishing dilaton, obtaining a very simple expression for the action (3.17). It would be interesting to compare our results with the second order corrections to the bosonic string, and explore to what extent the coincidences that occur in the gravitational sector apply to the general action.
HSZ theory is presumably the simplest higher-derivative theory of gravity with exact duality invariance. Although it is not a conventional string theory, understanding how duality and gauge invariance organize the action can shed light on how duality constrains higher-derivative interactions in more general set-ups. In [5] a deformation of DFT was proposed in the frame-formalism, which captures the first order corrections to the bosonic, heterotic and HSZ theory. It would be interesting to see how to extend these deformations to higher-orders, so understanding them in the particular case of HSZ theory is a convenient starting point.
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A Conventions and definitions
In this Appendix we introduce some notation used throughout the paper.
Space-time indices are denoted with greek letters µ, ν, . . . . The Lie derivative of a tensor is given by
The Christoffel connection is defined in terms of the metric as
and transforms anomalously under infinitesimal diffeomorphisms (whenever the Lie derivative acts on a nontensorial object, we use the convention that it acts as if it were covariant)
so it allows to define a covariant derivative, given by
The commutator of two covariant derivatives
is expressed in terms of the Riemann tensor, which can be expressed as
Its symmetries and Bianchi identities are
Traces of the Riemann tensor give the Ricci tensor and scalar, respectively
The Chern-Simons three-form is defined as 9) and it transforms under infinitesimal diffeomorphisms as
The Kalb-Ramond two-form transforms both with respect to gauge transformations, parameterized by a oneform ξ µ , and diffeomorphisms
The last term corresponds to a first order deformation know as the Green-Schwarz transformation [12] . Due to this contribution, the standard three-form curvature of the Kalb-Ramond two-form
fails to transform covariantly under diffeomorphisms. Instead, the proper covariant curvature tensor is given by
This tensor satisfies the following Bianchi identity
(A.14)
B Covariant second order field redefinitions
The lowest order action (3.9-3.10) is
The equations of motion for the dilaton, two-form and metric are
We now explain that any six derivative term in the action that involves at least one of these quantities, can always be eliminated through a second order field redefinition. Indeed, consider a generic six derivative term depending on any of these quantities, then integrating by parts it can always be taken to the form
and T 3 that depend on the Riemann tensor, three-form field strength, dilaton and their covariant derivatives. On the other hand, through a covariant second order field redefinition
the two-derivative action (B.1) shifts as
up to boundary terms. Then, fixing the field redefinition to
eliminates S ′ from the total action.
C Covariant part of F 2
We have delayed to this Appendix the discussion on why it is consistent to ignore the covariant second order contributions to F 2 in (3.6). Consider the most general parameterization of a tensor with projections F = {F }
A symmetric tensor with projections P F P T (P F P T ) contains the same degrees of freedom as a symmetric matrix F µν (F µν ). Thus, a symmetric tensor with projection F = {F } = P F P T + P F P T contains as degrees of freedom two symmetric matrices, which have been named in (C.1) F ± µν = F µν ± F µν . Due to its projections F cov 2 must admit a parameterization of the form (C.1), with F ± µν covariant under diffeomorphisms and gauge transformations. We can then study how the action gets shifted when a non-vanishing F cov 2 is turned on. The result turns out to be simply
This is a covariant total derivative, and can then be dropped out from the action.
Let us now give a complementary argument on why it is possible to ignore the covariant part of F 2 . We have checked with Cadabra [24] , that the most general form of a covariant range two tensor with the projections of
where R and R M N = R MN + R M N are the generalized Ricci scalar and tensor of DFT [25] . The covariant derivatives in the last term above are determined/covariant due to the projections of the Ricci tensor. The observation is that the Ricci scalar (tensor) encodes the lowest order equations of motion of the dilaton (metric and two-form), and then any covariant piece of F 2 can be ultimately eliminated from the action through field redefinitions.
D Full action in terms of the double metric
In this Appendix we show the full HSZ action written in terms of the double metric M M N and dilaton d.
Schematically it takes the form
where the supralabel L (i) indicates the number of derivatives that appear explicitly in each term. As can be verified in what follows, the action is at most cubic in the double metric. Explicitly one has
E Some relevant intermediate results
Here we show the explicit form of certain results, which due to their length may generate confusion if displayed in the main text.
The second order transformation of the duality covariant metric δ (2) g µν in (2.43) has a shorter expression when contracted with some symmetric tensor S µν
This should not be confused with the second order transformation of the determinant of the metric. The above contraction is only a device to shorten the output, and allows to determine δ (2) g µν from δ (2) g simply by factorizing S µν out, and symmetrizing the remnant. The result is given by 
The second order transformation of the duality covariant two-form δ (2) B µν in (2.44) also has a shorter expression when contracted in this case with some antisymmetric tensor A µν
The result is
The second order field redefinition for the duality covariant metric ∆ 2 g µν in (2.49) also has a shorter expression when contracted with some symmetric tensor S µν
The result is 
The second order field redefinition for the duality covariant two-form ∆ 2 B µν in (2.50) also has a shorter expression when contracted with some antisymmetric tensor A µν
The result is , but for simplicity we drop the supralabel. Again, it shortens the result to contract F 2 with some symmetric tensor. However, since F 2 is projected F 2 = {F 2 }, in turns out to be convenient to introduce two symmetric tensors with projections S M N = P M I P N J S IJ and S M N = P M I P N J S IJ , such that
The result is given by 
